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Long Time Tails in Stationary Random Media.
I. Theory
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Diffusion of moving particles in stationary disordered media is studied using a
phenomenological mode-coupling theory. The presence of disorder leads to a
generalized diffusion equation with memory kernels having power law long time
tails. The velocity autocorrelation function is found to decay like ¢ ~(4/2+ 1,
while the time correlation function associated with the super-Burnett coefficient
decays like #~%/2 for long times. The theory is applicable to a wide variety of
dynamical and stochastic systems including the Lorentz gas and hopping
models. We find new, general expressions for the coefficients of the long time
tails which agree with previous results for exactly solvable hopping models and
with the low-density results obtained for the Lorentz gas. Finally we mention
that if the moving particles are charged, then the long time tails imply that there
is an w92 contribution to the low-frequency part of the frequency-dependent
electrical conductivity.

KEY WORDS: Diffusion; random media; fluctuations; long time tails;
Lorentz model; hopping models; velocity correlation functions; mode cou-
pling theory; diffusion coefficients; Burnett coefficients.

1. INTRODUCTION

In this paper we consider some features of the theory of diffusion of
particles in a stationary random medium. Our aim is to construct a mode
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coupling theory for describing the large distance and long time properties
of diffusive processes. The result of this analysis is that the presence of
disorder in the medium leads to long time correlations that must be taken
into account when formulating a macroscopic diffusion equation. The
resulting generalized diffusion equation includes memory kernels with slow
power law decays, ie., “long time tails.” These occur in the ordinary
diffusion term as well as in super-Burnett and higher-order terms. In
particular, we will show that the diffusive memory kernel decays like
1~@*D/2 for long times ¢, were d is the dimensionality of the system. In the
context of conductivity problems this result corresponds to a frequency
dependence of the conductivity as w-> 0.

The theory presented here is applicable to a wide variety of dynamical
and stochastic systems. As an important example, we will consider the
Lorentz gas''™ where the medium is composed of fixed scatterers, usually
hard spheres or hard disks. The scatterers are distributed at random, and
noninteracting point particles move freely between elastic collisions with
the scatterers.

The theory can also be used to describe hopping conductivity.(*> Here
the medium is a collection of centers from which a moving particle “hops”
to neighboring centers with a randomly chosen set of transition rates that
govern the jumps to neighboring sites. The “microscopic” motion of the
diffusing particle must then be described by a master equation.

Other applications of the theory are to the motion of a particle in a
general random potential, of which the Lorentz gas may be considered a
special case, and to electrical conduction in a random resistor network. In a
subsequent paper we will apply our theory to a variety of examples
including the Lorentz gas and several hopping problems. In the present
paper we develop the general theory.

We will treat all of these problems within the same framework by
taking a coarse-grained view. That is, the description of the detailed
structure of the medium is replaced by a simpler one, specified solely by a
spatially varying diffusion tensor and a quantity related to the free volume;
both of which will be defined below. Spatial variations in these quantities
replace the disorder in the original medium. We then treat the resulting
fluctuating diffusion equation by the methods of mode-coupling theory.
These enable us to obtain the asymptotic long time parts of the memory
kernels for the generalized diffusion coefficient and the super-Burnett
coefficient.

The motivation of this work stems from the close analogy between
transport processes in fluids and transport processes in disordered diffusive
media, particularly the Lorentz gas. In the case of fluids, long time tails
were first discovered by Alder and Wainwright!® in their computer simula-
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tions of a hard sphere fluid. They found that the velocity autocorrelation
function (VAF) of a d-dimensional hard sphere fluid showed an asymptotic
long-time decay proportional to 1 ~%/2, Several theoretical explanations of
the phenomenon have been given. Kinetic theory can be applied for
general fluids at low density'” and for hard sphere systems at all fluid
densities.”” Phenomenological mode-coupling theories can be applied to
fluids under general equilibrium conditions. These theories are derived by
making certain assumptions about the decay of fluctuations through stages
of approximate local equilibrium.('®'® An alternative to the latter ap-
proach is provided by dynamical renormalization group theory,!*-'9
which also uses fluctuating hydrodynamic equations as a starting point.

The results of all of these theories are in agreement with each other for
both the VAF and time correlation functions related to higher-order
transport coefficients, such as the super-Burnett coefficient. The compari-
son between theory and computer simulations is good at low and moderate
densities'” but the two seem to disagree at high fluid densities.('%!?

For the Lorentz gas the situation is much less satisfactory. Ernst and
Weyland®® showed with the aid of low-density kinetic theory, that for this
system the VAF of the moving particle exhibits a long time tail. However,
owing to the absence of momentum conservation, it decays asymptotically
for long times as ¢ ~(“/2* D _je. by one power ¢! faster than in a fluid. In
computer simulations of the two-dimensional Lorentz gas at low densities
Bruin®” and Lewis and Tjon®® found a 7~2 decay of the VAF but
obtained a coefficient much larger than that predicted by Ernst and
Weyland. More recent computer results, obtained by Alder and Alley,(*>*¥
indicate that this disagreement is due to the strong density dependence of
this coefficient. Extrapolation of their results to zero density yields agree-
ment with the value of Ernst and Weyland at very low density, but the
density range over which this agreement persists is inaccessible to the
computer. Keyes and Mercer®® have extended kinetic theory to include
excluded volume effects to second order in the density; however these
corrections do not bring the theory into agreement with computer experi-
ments.

There have been several efforts to construct theories of the Lorentz gas
at high densities based upon a hybrid of mode-coupling ideas and kinetic
theory ideas. Gotze et al.'?® use the Zwanzig—Mori projection operator
formalism to construct a self-consistent kinetic theory which is then solved
in a mode-coupling approximation. Keyes and collaborators*’?® have
recently extended this method. While these theories lead to interesting
predictions for the behavior of the diffusion coefficient near its percolation
threshold they are not in good agreement with the computer experiments
for the amplitude of the long time tail.



480 Ernst et al

The situation sketched above motivated us to develop a mode-coupling
theory for the case of tagged particle diffusion in a spatially fluctuating
stationary medium. From a formal viewpoint it was somewhat unsatisfac
tory to have a well-developed mode-coupling theory based on the fluctuat
ing Navier-Stokes equations describing fluid hydrodynamics, but no com
parable theory for the simpler diffusion equation. Furthermore, we wantec
to develop a simple theory that would permit a comparison with the
available computer results for the Lorentz gas and with exact results
obtained for several one-dimensional hopping models. In the end it turnec
out that indeed a relatively simple mode-coupling theory describing the
type of systems could be derived, but comparison to computer simulations
is not straightforward. The reason is that the coefficient of the long time tai
in the VAF involves the mean square of the spatial fluctuations of the
diffusion tensor about its average value. In general this quantity is no
readily available either from theory or from computer simulations. For ¢
number of one-dimensional hopping models it can be calculated and the
validity .of our mode-coupling equations is confirmed. For the Lorentz gas
in two and higher dimensions no results for these fluctuations are knowr
except in the limit of low density of scatterers.

The plan of the paper is as follows: In Section 2 the coarse-grainec
description of the random medium is introduced and the parameters
entering this description are specified. In Section 3 the mode-coupling
equations associated with the coarse-grained description are introduced. In
Section 4, relevant correlation functions are analyzed using mode-coupling
theory and the long time properties of these correlation functions are
presented. The paper is concluded with a discussion of some points that
arise in this work, and with an indication of specific applications of the
theory which will be discussed in a subsequent paper.(*”

2. QUENCHED AVERAGES AND COARSE-GRAINED DESCRIPTION

We consider a random medium in a volume V described by a set of
parameters which we collectively call X. In the case of the Lorentz gas, the
set X consists of the number of scatterers N and their positions, R, ... R,
For hopping models, the set X consists of the positions of the lattice sites
and the set of transition rates connecting them. Our fundamental assump-
tion is that an accurate coarse-grained description of diffusion in the
medium can be obtained by replacing the exact microscopic description of
the system given by the set X with a more macroscopic description, in
which the moving particles are described by a diffusion equation. This
fluctuating diffusion equation can be used to calculate the response func-
tion (density—density correlation function) from which all transport proper-
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ties of the system can be derived. More precisely, we assume that there are
two functions, a spatially varying diffusion tensor K(r, X'), and a spatially
varying free volume fraction ¢(r,X) relating the local current J(r,#) of
diffusing particles to the local gradient in the concentration of particles,
c(r, 1)

I,y = —K(r,X) - V(c(r,1)/¢(r.X)) (2.1

Here we assume that the variables J and ¢ have been coarse grained and
leave for later a discussion of the required properties of this coarse graining.

In writing Eq. (2.1), we have made a second assumption; namely, that
there are no interactions between the diffusing particles so that J is linearly
related to the gradient of ¢. It follows from this that ¢ must be proportional
to the equilibrium or stationary concentration of particles since, in the
absence of sources and sinks, currents can arise only when there is a
deviation from the stationary distribution. First we introduce the concept of
quenched averages; next we discuss the coarse-graining method.

We assume that the large volume and long time properties of a single
realization of the medium are identical to the average properties of an
ensemble of similar realizations. This assumption is less secure than the
analogous assumption in classical statistical mechanics since the medium
itself is stationary and therefore has no ergodic properties. On the other
hand, since the moving particles diffuse they will explore a large volume
within the medium and the replacement of a single realization by an
ensemble should be safe. What we are going to do is replace the spatial
averaging induced by the random motion of the particles by ensemble
averaging. It is then mathematically very convenient to employ an ensem-
ble with a distribution p{X) to describe the medium so that local fluctua-
tions in the medium are represented by fluctuations from member to
member within the ensemble. Now we turn our attention to the definition
of Y(r, X) that we will use here. As noted above y(r, X') is proportional to
the equilibrium, or stationary distribution of particles in the configuration
X. Then, to define (r,X) we let P(r,X) be the equilibrium or stationary
probability density for finding a single particle at position r in configura-
tion X. The quantity ¢(r,X) is defined to be proportional to P(r,X) by
means of the relation

P(RX) = 9(6,X)/o(X) (22)

where
Yo(X) = [dry(r.X) 2.3)

All spatial integrations in this paper extend over the whole volume ¥V of the
system. This prescription for (r, X') is not unique since y is defined up to
an arbitrary multiplicative function of X. To fix this definition for ¢(r, X')
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we require that (r, X') have the value unity whenever the moving particle
can be considered as “free” at the point r. For Lorentz models this means
that ¢(r, X) is unity whenever the moving particle is not interacting with
any scatterers. For stochastic models when the stationary state distributior
P(r, X) is uniform on the lattice sites y(r, X) is set equal to 1. For those
models where P(r, X) is not uniform we will set §/(r, X) = aP(r, X) and fix
the normalization constant {4(X) for our own convenience in each model
Under these circumstances y,(X) may be interpreted as the free volume
available to a moving particle. The prescription for (r, X) will perhaps
become clearer in the next paper when we consider specific examples.

In order to study time correlation functions we will also need the
equilibrium distribution function for the phase of a moving particle in a
single configuration X. Let P(r,v,X) be the probability density for finding
a single particle at position r with velocity v, given that it is in configuration
X. The single-particle distribution P(r,v,X) is then related to ¢(r,X) by

fdvp(r, v, X) = (5, X)/o(X) 24

From P(r,v,X) we can further construct a grand canonical ensemble for
the distribution function of many moving particles within a configuration
X. Since the particles are noninteracting, the distribution of numbers of
particles is a Poisson distribution. Let Py, (r, ... 1.V, ...V, X) be the
probability density for finding M particles with phases ryv, . . . r,,v,, within
the configuration X:

M
1 ~ o
Py(ry oo N5V ¥y, X)) = —A/—IT(NO(X))Me ol X0 HIP(rj,vj,X)
! =
@5

Here { determines the expecied number of particles, and for statistical
mechanical systems can be identified with the fugacity, { = exp Su where
is the chemical potential, and B the inverse temperature. We denote an
average over P,, by (--->, and an average, first over P, and sub-
sequently over p(X) by {---). Note that the average (- )y is a
“quenched” average in the sense that the scatterers are regarded as being
fixed with properties specified by X. Deviations from these averages are
defined by
f=f=<x
&f =f—<f
Next, we turn our attention to the coarse-graining method. In order tc
make our fundamental assumption, necessary for the mode-coupling analy-
sis of the diffusion equation more explicit, we assume that the spatial

correlations in the random medium are sufficiently short ranged (with
correlation length /).

(2.6)
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Then, suitable coarse graining can be obtained by discarding all
the Fourier components with wave number &k greater than a cutoff, &,
=2 /L., where L, [,, while leaving smaller wave vector components
unchanged. This determines the length and time scales at which the theory
is expected to become accurate.

In this coarse-grained description the local current J(r,¢) of diffusing
particles is assumed to obey the constitutive relation (2.1), which, as we
now show, is in agreement with irreversible thermodynamics for those
models where a local chemical potential u(r,?) can be defined. First we
calculate the quenched average density {c(r)>, of moving particles where

M
e(r)=>8(r—r) (2.7)
i=1
The result follows from (2.5) as
Le(Mpyx = (r, X) (2.8)

In order to construct irreversible thermodynamics, we must generalize (2.8)
to local equilibrium and we imagine that the chemical potential p(r,7) is a
slowly varying function of position. We then obtain

(T )y 1oear = €70 (1, X)) (2.9)

If we identify {c(r,£)) y1ocar With ¢(r,7) in (2.1), we see that the constitutive
relation can be written in the standard form of a linear law J(r,¢) =
—L(r,1) - Vu(r,r) with a local Onsager coefficient L(r, #). It is more conve-
nient to use the variables K and i in (2.1) because they depend only on the
medium and not on the moving particles.

3. MODE-COUPLING EQUATIONS

Our next goal is to obtain a mode-coupling expansion of the fluctuat-
ing diffusion equation. To do this we begin by combining the continuity
equation with the constitutive relation (2.1), which yields a (spatially)
fluctuating diffusion equation

dc(r, 1) VoKir XV c(r, 1) 3l
3r ) (l‘, ) \[/(I‘,X) ()
The equation can be rewritten in terms of fluctuating quantities as
Lewn=pven+ i V-8K(r,X)- Vé(r1)
- % V2 (r, )80 (r, X ) (32)

where é(r,f) is the fluctuation in ¢ about the average, {c)y, in the
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“quenched” configuration, and

v={rX) (3.3a
is the average free volume fraction and
= (Ku(r, X))/ ) (3.3b

is the bare diffusion coefficient for the system. We use the summatior
convention in (3.3b). Terms which are second order in the fluctuating
quantities have been omitted from (3.2). In Section 4 we show that they d¢
not contribute to the asymptotically dominant time tails.

We next introduce Fourier and Laplace transforms

A= f dre™ ™ f(r, 1)
= fowdt e “fi()

The allowed values of k depend on the boundary conditions at the walls o
the container. Here periodic boundary conditions will be used, so tha
k,=2am,/Lwitha=x,y,... andm,=0,*1,£2... . With the aid o
these transforms the fluctuating diffusion equation can be written in the
form

(34

zé, — 6(0) = —k*Déy, — I¢,, (3.5
with the operator, I, defined by
If, = i [ (kq - 8K = DB ), (3.6
q
and
1 <
-1 — 3.7
[O=32052 (z)du (3.7

The symbol [, indicates a sum over wave numbers which are restricted tc
being less than a cutoff k., where k.=2#/L. is determined by the
coarse-graining length scale. For large volumes the sum approaches ar
integral.

Equations (3.2) and (3.5) are formally rather similar to the mode
coupling equations found in the theory of fluids'*™'® with two notabl
differences. Here the “modes” which are coupled to the dynamical mod«
¢y, are the Fourier components of the spa'ually varying quantities § K anc
&Y. Thus the modes in our theory have no time dependence!®® and ar
complicated, nonthermodynamic variables, whereas for fluids the mode:
are the hydrodynamic conserved variables whose fluctuations are deter
mined thermodynamically. Moreover, the dominant mode coupling effect:
in fluids are due to the presence of convective terms in the fluctuating
equations, while here these terms are absent.
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4. FLUCTUATION EXPANSIONS OF CORRELATION FUNCTIONS

The fluctuating diffusion equation will be used to calculate the long
time behavior of those time correlation functions that determine the diffu-
sive properties of the system. The most fundamental of these, from which
all other correlation functions of interest may be obtained directly, is the
intermediate scattering function. This is the Fourier transform of the
correlation function of the density of moving particles. It is written as

F(k,t) = {¢_(0)e,(1)>/<{¢_(0)é(0)> 4.1)

where the average is defined below (2.5). Since the moving particles are
noninteracting and Poisson distributed, the average (4.1) over M moving
particles can be reduced to an average over a single moving particle, by
virtue of the relation {M(M — 1)> = (M )%, and F(k,7) may alternatively
be written as the Fourier transform of the self-correlation function

F(k,1)= < f e"k'A"<f>> /My = e, 4.2)

i=1

Here Ar(¢) = () — r(0) is the displacement in the time ¢ of a single tagged
particle and we have used the relation {é_,(0)é,(0)> = {M . In our calcu-
lations it is most convenient to use the response function {é_,é,,>, which is
defined as the Laplace transform of F(k,?) and to determine its small z
behavior. It is usually expressed in a wave number and frequency-
dependent diffusion coefficient U(k,z):

by =il {2 + KUk, 2) (4.3)

Here and in the following we use the notation &, = é,(0). For fixed z one
may expand U(k, z) in powers of (ik)* as

U(k,z) = Uy(z) — k*Uy(z) + O(k*) (4.4)

where Uy(z) and U,(z) are the frequency-dependent diffusion coefficient
and (modified) Burnett coefficient, respectively. The diffusion coefficient
itself is given by D = Uy0). Odd powers of (ik) in (4.4) vanish due to
spatial isotropy of the medium.

The generalized diffusion coefficient U(k,z) can be written as the sum
of its bare value D and a wave number and frequency-dependent correc-
tion, viz.

U(k,z) = D + I'(k,z) (4.5)

Our basic assumption was that the small k& and z behavior of components
of ¢, in (4.3) may be calculated from the fluctuating diffusion equation.
Thus, combining (3.5) and (4.3), one may express the correction term in
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4.5) as

A (lA
| o d{z+KD+1I} &>
[(k,z)= P - — (4.6)
Cofz+kD+1) &

The diffusive propagator {z + k2D + I'}~! may be expanded in powers of
I about the nonfluctuating propagator

G=G(kz)={z+ kD) (47)
with the result

(z+KD+1)} '= G~ GIG+ GIGIG — - - (4.8)

Substitution of the result into Eq. (4.6) yields an expansion for I'(k,z) in
powers of I of the form

2
T(k,z)= £+ KD +k’2‘ D

C_kbw b

E_JGty  <LJGIGE) | ( (€W IGE) )2 .. ]
o }
(4.9)

The terms not given explicitly are of cubic and higher order in /. The
averages occurring .in (4.9) contain Fourier-transformed correlation func-
tions (&_y¢8Yy_ -+ - ), where 8Y, stands for &y, or BK“;ﬁA By first
performing the average over the moving particles in a frozen configuration
we obtain using (B1) of Appendix B:

CCoilyx = SV g + S8, (4.10)

Hence ¢ _kéq inside an average < - - - » may be replaced by the right-hand
side of (4.10). The correlation functions can be decomposed into short-
ranged cluster functions with a correlation length [, much smaller than the
coarse-graining length L_ = 27 /k, (see Appendix B). Since we are only
interested in small wave numbers, we obtain the following results for the

Fourier transforms with |g|, k|, |I|, . . . < k.:
b=V
ol = {8YBY ) (4.11)

CE_klgd Y 8Y_ g = VS, ((8Y8Y ) + {80 Y8Y )
An order of magnitude estimate for these averages is
(SYdY o)~ VYo,

(4.12)
(SYSY BY DO~V YY 0]
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where v, =/ is a microscopic correlation volume and ¢ = (Y(r, X)) and
Y = {Y(r,X)). After this preparation we can calculate the first term in the
bracket in (4.9) for k < k, as

(6LdGaY/<E 48D = ~A,DK* [ G(g,2) (413)
q
where we have introduced

B, = (3> / W (4.14)
with the explicit form of &y, given in (BS).
The term with 8K vanishes from this expression because its coefficient

is odd in q. Similarly we find that the second term in the brackets on the
right-hand side of Eq. (4.9) is
W JGIGEy o 5
- = A, Dk°G(k,2) | Dg°G(q,z
s = ADKG (k) [ DEG(g.2)
, ORI
vy

<( \l/o) >

kyks G (K, Z)fqﬁqu(q’z)

DkaD ZG(q,z)fG(l z)
= Dsz(k,z)[AlP +Ag/d] f DgG(g.z)  (4.15)
q

To derive the last equality in (4.15) we first performed the q integral in the
second term on the right-hand side of (4.15) and then used properties of
isotropic tensors to write <8K5’B<‘)‘Kg‘s>¢‘iﬁY = (8KJPKEY>8 5/ d and we intro-
duced

= (SKEPKE~y / AV (DY) (4.16)

with the explicit form of 8K, given in (B5). In addition, the third-order
fluctuation term {(8¢,)’> in (4.15) may be neglected for small z and
sufficiently large coarse-graining volume V, = (2w /k,)? = L?. This can be
seen by using the relation

2 Z=-L*Z z .
[ Pa6(4.2)= 5 =] G(4:2) (417)

and comparing the third-order term with (4.13), showing that it is of
relative order v,/ V.. Substitution of (4.13) and (4.10) into (4.9) yields
finally with the help of (4.17) the small z behavior of T'(k,z) in the form

T(k,z)=~D {[A\,} +Ac/d]/V,

+ (AK/d)zqu(q,z) + dk2A¢LG(q,z)} (4.18)
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where the third term inside brackets in (4.9) has been neglected, as it is o
relative order z, when compared to the last term kept in (4.18). The resul
(4.18) is in the desired form of a k expansion:

T(k,z) =Ty(z) — KTy(z) + - - - (4.19

and the dominant small z singularities in I'y(z) and I',(z) are given by th.
second and third term on the right-hand side of this equation, respectively
The first term is a z-independent contribution to T'(k,z), which togethe
with the z-independent contributions of the neglected terms, renormalize
the bare diffusion coefficient D in (4.5).> The estimates (4.12) show that thi
term gives a contribution of order (v,/ ) to D, which can be neglected fo
sufficiently large coarse-graining volumes.

We have omitted terms in the mode-coupling operator I that aris
from second- and higher-order contributions to the diffusion equation 3.2
The expression for / including both first- and second-order terms is

iIf, z[ %L(kq 8K,y — KDSY,_,)

1
+ Ej;fl(kl:SKk_,8¢l_q+ DK*8dy Sy g)|fa (420

We will denote the second set of terms on the right-hand side as th
“bilinear terms,” I?f,, since they are proportional to products of twe
fluctuating quantities. The contributions of the bilinear terms to (4.9) ther
take the form

L IPGy [ b
= DK’G(k,2)A,/ V, + { DE(8%o)>>/ V. W) f G(g,2) (421
q

Terms of similar type have already been neglected before since they are o
order v,/ V, compared to terms that we have kept.

In a similar way one may analyze all higher-order terms in th
fluctuation expansion (4.9). Although we have not examined them all, i
seems reasonable to conclude from the above analysis that all contribution
to the right-hand side of (4.9) omitted in (4.18) are negligible for one of th:
following reasons: they are smaller than the terms kept by a term of relativ:
order v,/ V., or they are asymptotically less singular in z than the term

5 Denteneer and Ernst®® have shown explicitly for the example of a one-dimensional hoppin
model, where the exact diffusion coefficient and the exact coefficient of the long time tail i
known, how higher-order fluctuations renormalize the bare coefficients to yield the exac
ones.
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kept. Therefore, the terms kept in (4.18) should contain the dominant small
z singularities in the expansion coefficients U,, with / = 0,2.°

We conclude this section by giving the long time behavior of the
generalized transport coefficients and correlation functions. The singulari-
ties in I',(2) and U,(z) are related to the long time behavior of the inverse
Laplace transforms. They can be obtained by observing that G(q,z) is the
inverse Laplace transform of exp(— ¢°Dt). The inverse Laplace transform
of the “velocity” correlation function ¢,(¢) [see (A4)] becomes for long
times:

éy(1) = — LDA4aD)~V} (@D /2 (4.22)

The inverse Laplace transform of U,(z) which is the Burnett correlation
function [see (A5)] becomes for 1 — o

$4(t) = D?A(4aDt)~ 2 (4.23)

In a similar way we obtain the following expressions for the long time
behavior of the super-Burnett coefficient and modified super-Burnett coef-
ficient defined in (A6):

DA
D, - m%(mmz)‘d/“‘ (d+2)
Dy(1) = (4=2) (4.24)
Dy, d=2
TIn 8! (4=2)
and ,
24, + A
B~ D (4nD0) P (d#2)
B(1) = (4=2) (4.25)
20, + Ay
The fluctuation formulas have been defined in (4.14) and (4.16) as
= _l_ 1 l af Ba
K V (Dd/)z d <6K0 81(0 >
(4.26)

A= G

© W. Gotze, Ref. 31, has presented some arguments for the presence of stronger z-singularities
in I'(k, z) than those found here. However, we have not found evidence of such singularities
in our approach, and the relation between the two methods remains to be clarified.
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in combination with (B5) of Appendix B:
8K3P = [dr [ Ko (r.X) = 8,504]

@27
6%=fdr[xp(r,X) ~ ]

and
<Ka/3 (T’X)> = SaﬁDlP
LX) =y

Finally, if we suppose that the moving particles carry a charge e, we
can obtain the frequency-dependent conductivity, 6(w), from Uy(z) using
the generalized Finstein relation

o(w) = (c’/ kT )Up(iw) (429

(4.28

where ¢ is the density of moving particles. The quantity Uy(z) can b
obtained from (4.18) and (4.4)-(4.5) for z—0:

dq
2m)?

Uy(z) = D + (A/d)zD f [z+Dg?] ™ (430

5. DISCUSSION

In this paper we have developed a mode-coupling theory for the long
time properties of diffusion in a random medium. Although our theory i
based upon a phenomenological mode-coupling approach we believe that i
gives formally exact results for the coefficients of the long time tails in the
frequency-dependent diffusion coefficient and super-Burnett coefficient
Our justification for this assertion is that the only features of the phenome
nological approach which survive in the final result are the fluctuations ir
the bulk quantities §Ky(X) and &yo(X). These features are independent o
the coarse-graining scheme and can be given microscopic definitions.

Our theory is based upon the standard mode-coupling methods usec
for fluids and the results we obtain are similar to those obtained for fluid:
except that in the present case the long time tails decay with one highe:
power of ¢ .

Although the underlying phenomenological equations are simpler i
the diffusive case, the results are more complex because the coefficients o
the diffusive long time tails are given by fluctuations in nonthermodynamis
quantities § K, and &,. For the long time tails in fluids the amplitudes ar
proportional to thermodynamic fluctuations which can be easily evaluated
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On the other hand the fluctuations required in the present theory can rarely
be evaluated exactly.

The long time tails of the kind discussed in this paper also appear in
the case of fluids, but there they decay with one higher power of ¢~ than
the dominant long time tails so that for very long times they are masked by
the ordinary long time tails.

One can see from the calculation presented here that a necessary
condition for the validity of our results is that the relative fluctuations Ay in
(4.16) and A, in (4.14) remain small. For Ay to remain small the average
diffusion coefficient in (4.16) must be nonzero. If this were not true, then
the perturbation expansion of {z + k*D + I'}~! about the nonfluctuating
propagator {z + k°D } ' would not be well defined, and the results quoted
for ¢,, ¢4, B(#), and D,(2), in (4.22)-(4.27) would all diverge. This condi-
tion makes our method inapplicable to those cases where one knows for
other reasons that D =0. Examples of such cases are the motion of
particles in the overlapping wind-tree model,®® where “retracing” events
lead to a vanishing diffusion coefficient, the motion of particles in the
overlapping Lorentz model at high density!**?? when the trapping of the
particles by the scatterers prevents them from diffusing through the system;
as well as in some hopping models'* where diffusion is destroyed by strong
disorder. Similar restrictions apply to A, . For instance in the Lorentz gas
with overlapping scatterers there exist regions where the moving particles
are trapped, and diffusive regions where the particles are free. The average
free volume fraction of the diffusive region as a function of the scatterer
density exhibits a phase transition at the percolation density, and conse-
quently A, in (4.14) will diverge at the density.

In a subsequent paper® we will apply the mode-coupling theory
developed here to a number of specific models:

(i) The deterministic Lorentz gas in 4 dimensions with spherical
scatterers, which may or may not overlap each other. The random medium
is the system of scatterers, characterized by the density of scatterers, n.(!~

(i1)) The one-dimensional stochastic Lorentz model where the moving
particle is reflected by a scatterer with a probability p, and transmitted with
a probability (1 — p). The scatterers are randomly distributed on a
line. (3339

(itiy The one-dimensional waiting time Lorentz model. The random
medium is the same as in (ii) and the moving particles jump from one
scatterer to its nearest neighbor with stochastically distributed waiting times
between jumps.(**%39

(iv) The one-dimensional random barrier model, where the moving
particle makes instantaneous jumps between neighboring sites on a regular
lattice. The jump frequencies are independent random variables.(+30-36-41)
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(v) Isotropic random jump rate models on regular d-dimensiona
lattices. The jump rate, which is the same in all allowed directions is :
stochastic quantity, with a site-independent probability distribution.(*!42-4

The method does not seem to be restricted to an analysis of diffusiv
properties in media with static disorder using the diffusion equation with .
fluctuating diffusion coefficient, but it may be used equally well to discus
the elastic properties of such media using the wave equation with fluctuat
ing elastic constants. In this manner one may determine quantities like th
density of states and the inverse localization length.(44-4%

ACKNOWLEDGMENTS

J. R. Dorfman would like to thank E. G. D. Cohen for stimulatin,
discussions in the early stages of this work. The authors would like to than
B. J. Alder, W. E. Alley, T. Kirkpatrick, and R. Zwanzig for helpfu
discussions and correspondences. M. H. Ernst wishes to express his thank
to the Institute for Physical Science and Technology of the University o
Maryland for its hospitality in the Fall of 1981 and Spring of 1983. Thi
work was supported in part by Grant No. CHE 80-15976 from the Nationa
Science Foundation and by a NATO Travel Grant.

NOTE ADDED IN PROOF
We have been informed that P. Visscher*” has recently obtainec
identical results to ours by a different method.

APPENDIX A

We show how the transport properties of interest can be calculatec
from the intermediate scattering function F(k,?) in (4.1) and (4.2). Firs
consider the mean square displacement ((Ax())*>, and higher moments o
Ax(¢), where the x direction is chosen parallel to k. The function F(k,1) i
the generating function for these moments:

Fk;ty=1- 2IX[Bx()] + g k< [Ax ()] + -+ (Al

Related to these moments are the time-dependent diffusion coefficient D (7
and super-Burnett coefficient B(¢), defined in terms of cumulants of the x
displacement according tot4”#®

D) =L 3 (@ax(),
a 1

B(r)= 5 77 {<@x (), = 3(dx(1))7)

The relation between U,(x) in (4.4) and the Laplace transform ((Ax)’>, of

(A2
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the moment of displacement {(Ax(#))'>, can be obtained by expanding
(4.3) in powers of q2 using (4.4), and comparing the result with
%z%[Ax]i)s = Uy(2)
| ) (A3)
4
ar 2X[Bx]D, = Un(2) + Z Ug(2)
Defining ¢,,,(?) as the inverse Laplace transform of U,(z) (/=0,2), one
sees from (A3) that ¢,(7) is the second derivative of the mean square

displacement and therefore (the analog of) the velocity correlation function
(VAF):

0x(0) = $ (LY A, = (O, (A4

The last equality is only meaningful if Ax(#) can be written as an integral
over the x component of a “velocity” v (¢). Similarly; the Burnett correla-
tion®3? function ¢,(7) is related to the second derivative of the fourth
moment, and can be simply expressed in terms of “velocities” by virtue of
(A3):

bu(1) = fo ‘dr f dr [ (o,0,(T) 0, (7)o, (1)),
= {0 0 ()00 (T 0 (1))} (AS)

Similarly it follows from (A2) and (A3) that the time dependent transport
coefficients are related to these correlation functions ¢,() as

B(1)= Dy(t) = ['dr(D(1) = D(r))D(t — 7)
D(t)= fo ‘dr () (A6)

D(1) = fo ‘dr ¢,(1)

If ¢,(r) and ¢,(¢) decay sufficiently fast for long times, B(r), D(¢), and
D (t) will approach, respectively, the ordinary diffusion coefficient D =
Uy(0), the super-Burnett coefficient, B, and the modified super-Burnett
coefficient, D, = U,(0).

APPENDIX B

- In this appendix we compute the equal time correlation functions
{EmEEH8Y (") - - - >, whose Fourier transforms are given in (4.11). The
average is defined below (2.5) and &(r) and 8Y(r, X) in (2.6). Since é(r) and
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&(r) are the only quantities depending on the phases of the movin
particles, we first perform the average at a frozen configuration X, a
defined below (2.5). This yields

CEMEMY)x =58 — 1 W(r,X) (B1
The Fourier transform of this equation yields (4.10) in the body of th
paper. Hence, inside the average { - - - > we may replace é(r)é(r) by th
right-hand side of (B1) with the result
EM)ey) = Wd(r—r) (B2
EMEEH)SY (")) = {8(r— r’)<¢(r)§Y(r”)>
= {8(r — V){&Y()0Y (r")) (B3

B E)EENBY (I)BY (")) = {8(r — I){Y(r)8Y (1")8Y ("))
= {8 (r —r)8Y(r")8Y (r”))
+{8(r ~ 1){BY(r)SY (r")8Y (r"")> (B4

where ¢ = {Y(r, X)) is the average free volume fraction. The correlatior
functions on the right-hand side of these equations refer to local propertie
of the static medium. In Section 2 we have explicitly assumed that th
spatial correlations in the random medium are short ranged with correla
tion length /,. Hence, the correlation functions appearing on the last line o
(B3) and (B4) have the cluster property, i.e., they vanish whenever an;
relative distance exceeds the correlation length /,. The Fourier transform
(B2)—-(B4) with wave numbers k < k, < 2w /I, are therefore essentiall
independent of the wave numbers, and may be replaced by their values a
zero wave number. This yields (4.11) as used in the body of the paper
where

So(X) = [dr ($(r.X) = ¥)

(BS.

SKSP(X) =fdr(1<aﬂ (r,X) — 8,5D¢)
with = {Y(r, X)) and (K, 4(r, X)) = §,5D¢ according to (3.3). The esti
mates (4.12) also follow immediately.
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